In this paper we provide a sufficient condition for mean residual life ordering of parallel systems with n ≥ 3 heterogeneous exponential components.
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Zhao and Balakrishnan [9] revealed that, under the condition λ 1 ≤ μ 1 ≤ μ 2 ≤ λ 2 , (λ 1 , λ 2 ) w (μ 1 , μ 2 ) ⇒ X 2 : 2 ≥ lr Y 2 : 2 .
In [8] , the same authors established a result on mean residual life (MRL) ordering. They showed that, under the condition λ 1 ≤ μ 1 ≤ μ 2 ≤ λ 2 , (λ 1 , λ 2 ) rm (μ 1 , μ 2 ) ⇒ X 2 : 2 ≥ mrl Y 2 : 2 .
(1.1)
The formal definitions of these and other orderings relevant to this paper can be found in Section 2. Due to the complicated nature of the stochastic comparison in terms of MRL ordering for the general n situations, (1.1) has not been extended to the situation where the system has n ≥ 3 components.
In this paper we close this gap by extending (1.1) to the case when n ≥ 3. The main results of this paper can be stated as, under condition
we have
The paper is organized as follows. In Section 2 we state the notation and definitions. In Section 3 we present the proofs of the main results concerning the MRL ordering. In Section 4 we provide a brief discussion.
Notation and definitions
Let X be a nonnegative continuous random variable with distribution function F X (t), survival functionF X (t) = 1 − F X (t), and density function f X (t). The hazard function and the reversed hazard function of X are defined as λ X (t) = f X (t)/F X (t) and r X (t) = f X (t)/F X (t), respectively. For two nonnegative continuous random variables X and Y , we say that • X is larger than Y in the usual stochastic order (denoted by X ≥ st Y ), ifF X (t) ≥F Y (t);
• X is larger than Y in the reversed hazard rate order (denoted by X ≥ rh Y ), if r X (t) ≥ r Y (t);
• X is larger than Y in the likelihood ratio order (denoted by X ≥ lr Y ), if the ratio f X (t)/f Y (t) is increasing in t;
• X is larger than Y in the MRL order (denoted by 
Given two vectors
Proof. We have
.
Since each term in the above summation is a positive and decreasing function of x, the lemma is thus proved.
Proofs of the theorems
Denote λ = (λ 1 , . . . , λ n ) and μ = (μ 1 , . . . , μ n ). Without loss of generality, we assume that λ 1 ≤ · · · ≤ λ n and μ 1 ≤ · · · ≤ μ n . Define F (λ; t) = n i=1 (1 − e −λ i t ). The MRL function X n : n is
Similarly, the MRL function of Y n : n is ϕ μ (t). For 0 < x 1 ≤ · · · ≤ x n and x = (x 1 , . . . , x n ), consider the function
Since X n : n > mrl Y n : n is equivalent to (λt) ≥ (μt), it is enough to study the monotonicity of (x) along certain vector fields. We first establish a monotonicity result. 
Assume that K i (u) ≤ 0. Since F (u) is positive and increasing, we have 
Theorem 3.2.
Denote by X n : n (λ) the parallel system with hazard rate parameter λ. For any μ ∈ rm (λ), let Y n : n (μ) be another independent parallel system with hazard rate parameter μ. We have X n : n (λ) > mrl Y n : n (μ).
Proof. For any μ ∈ rm (λ), let k 0 be the smallest k such that
holds. It is easy to see that under condition μ k ≤ λ k , k ≥ 2, for any k ≥ k 0 , we should also have
which also implies that μ k = λ k , k ≥ k 0 + 1. If k 0 = 1 then we have μ 1 = λ 1 , condition μ rm ≺λ and (1.2) imply that μ = λ, thus, the conclusion holds trivially. Now we assume that k 0 exists and k 0 ≥ 2. Then we know that point μ = (μ 1 , . . . , μ k 0 , μ k 0 +1 , . . . , μ n ) = (μ 1 , . . . , μ k 0 , λ k 0 +1 , . . . , λ n ) is on the (k 0 − 1)-dimensional manifold indexed by t is a curve on manifold (3.2) which connects points λ and μ. To see this,
where the last equality is by (3.1). We show that the tangent vector field of curve λ(t) at t, denoted by λ (t), is of the form required in Theorem 3.1. In fact, denote λ i (t) = λ i μ i /[(1 − t)μ i + tλ i ], i = 1, . . . , k 0 , then 
